We consider generalizations of Szpiro's classical discriminant conjecture to hyperelliptic curves over a number field K, and to smooth, projective and geometrically connected curves X over K of genus at least one. The main results give effective exponential versions of the generalized conjectures for some curves, including all curves X of genus one or two. We obtain in particular exponential versions of Szpiro's classical discriminant conjecture for elliptic curves over K. In course of our proofs we establish explicit results for certain Arakelov invariants of hyperelliptic curves (e.g. Faltings' delta invariant) which are of independent interest. The proofs use the theory of logarithmic forms and Arakelov theory for arithmetic surfaces.
Introduction
Let K be a number field and let E be an elliptic curve over K. We denote by ∆ E and by N E the norm from K to Q of the minimal discriminant ideal and of the conductor ideal of E over K respectively. In 1982 Szpiro conjectured that there are constants c, κ, depending only on K, such that ∆ E ≤ cN κ E .
(1.1)
This inequality is related to several conjectures in number theory. We mention the abcconjecture (abc) of Masser-Oesterlé, Vojta's conjectures in dimension one, "good" effective versions of the Mordell conjecture and the arithmetic Bogomolov-Miyaoka-Yau inequality.
In this paper we consider two generalizations of (1.1). The first generalization, Conjecture (∆), is to hyperelliptic curves C over K of genus ≥ 1, and the second generalization, Conjecture (D), is to arbitrary smooth, projective and geometrically connected curves X over K of genus ≥ 1. Our main results (see Theorem 3.1, 3.2 and 3.3) give in particular effective exponential versions of the generalized conjectures for all curves C and for all curves X of genus one or two. For instance, Theorem 3.3 provides completely explicit constants c, κ, depending only on K, such that log ∆ E ≤ cN κ E .
(1.2)
As far as we know this is the first unconditional exponential version of (1.1), even for K = Q. This might be surprising in view of the exponential versions of the related abcconjecture, established by Stewart-Tijdeman [ST86] and Stewart-Yu [SY91, SY01] . But in Section 3 we shall see that the classical links (abc) ⇒ (1.1) do not work any more with exponential versions. Thus it seems not possible to deduce (1.2) for arbitrary E over Q from the exponential versions obtained in [ST86, SY91, SY01] .
In course of our proofs we establish several new results for (Arakelov) invariants of hyperelliptic curves over K which may be of independent interest. For instance, if X C is a compact connected Riemann surface of genus two, then we show that Faltings' delta invariant δ(X C ) of X C satisfies −186 ≤ δ(X C ). This completely explicit lower bound is used in [JvK13] to establish the genus two case of Szpiro's small points conjecture. Furthermore, our proofs give in addition a new link between the abc-conjecture and (1.1). This link is more conceptual compared to the classical connection through Mordell equations, and it provides a new tool to apply the theory of logarithmic forms, or the abc-conjecture, to several problems in Diophantine geometry, see for example [JvK13] , [vKa] and [vKb] .
We also motivate Conjecture (∆) and (D). Theorem 3.5 shows that (abc) implies parts of (∆) and (D). In addition, we prove that the height conjecture of Frey [Fre89] implies (D) for all X over K which have semi-stable reduction over the ring of integers of K.
Next, we describe the main tools used in our proofs. Theorem 3.1 is based on the effective Shafarevich theorem for hyperelliptic curves over K established in [vK12] . To prove Theorem 3.2 we first slightly refine the method developed by Paršin [Par72] , Oort [Oor74] and . This leads to an exponential version of Frey's height conjecture for certain Jacobian varieties, and then we use results of Faltings [Fal84] in Arakelov geometry. To get here effective estimates for hyperelliptic curves, we use formulas of Bost [Bos87] and de Jong [dJ05, dJ09] . In the important case of genus one curves we employ a different method to obtain sharper bounds, see Theorem 3.3. Here we use the theory of logarithmic forms, results of Faltings [Fal84] , Liu-Lorenzini-Raynaud [LLR04] and Pesenti-Szpiro [PS00] , and the classification of Kodaira-Néron [Nér64] . Theorem 3.1, 3.2 and 3.3 depend all ultimately on the theory of logarithmic forms, and we obtain Theorem 3.5 on working out precisely this dependence. To deduce the corollaries we apply results for discriminants of Liu [Liu94] and of Saito [Sai89] .
The plan of the article is as follows. In Section 2 we define discriminants of curves C and X, and we generalize Szpiro's conjecture. We also give some motivation for the generalizations. In Section 3 we state and discuss our results. Then in Section 4 and Section 5 we use algebraic and Arakelov geometry, and we relate discriminants and heights of C and X to invariants which control the ramification of the curves over the projective line.
In Section 6 we apply the theory of logarithmic forms to estimate effectively the height of the solutions of unit equations in field extensions of K. Finally, in Section 7, we give the proofs of the theorems and the corollaries.
Throughout this paper we shall use the following notations and conventions. By a curve X over K we mean a smooth, projective and geometrically connected curve X → Spec(K).
We say that X is semi-stable if it has semi-stable reduction over the ring of integers O K of K. We identify a prime ideal of O K with the corresponding finite place v of K and vice versa, we write N v for the number of elements in the residue field of v and we denote by v(a) the order of v in a fractional ideal a of K.
By the Faltings height of an abelian variety
A over K we mean the absolute stable height of A, defined in [Fal83b, p.354] . Finally, by log we mean the principal value of the natural logarithm and we define the maximum of the empty set and the product taken over the empty set as 1.
Discriminant Conjectures
Let K be a number field and let g ≥ 1 be an integer. In this section we give two generalizations of Szpiro's discriminant conjecture. The first is for hyperelliptic curves over K of genus g, and the second is for arbitrary curves X over K of genus g. We also provide some motivation for the generalized discriminant conjectures.
We define a hyperelliptic curve over K of genus g as a curve X over K of genus g that admits a finite morphism X → P 1 K of degree 2, where P 1 K is the projective line over K. For example, all elliptic curves over K and all genus two curves X over K are hyperelliptic curves over K, see [Liu02, Proposition 7.4.9] . Let C be a hyperelliptic curve over K of genus g and O ⊆ K a Dedekind domain with field of fractions K. We observe that the 
where f 0 = f + f 2 2 /4 has leading coefficient a 0 and discriminant ∆(f 0 ). Let v be a finite place of K and let O K,v ⊂ K be the local ring at v. We define n v = min(v(∆)) with the minimum taken over all discriminants ∆ of Weierstrass models of C over Spec(O K,v ). The integer n v is non-negative, and n v is zero if and only if C has good reduction at v. We define the minimal discriminant ∆ C of C by
with the product extended over all finite places v of K. We note that this explicit definition
We now define a discriminant D X for any curve X over K of genus g. Let v be a finite place of K. To define a local discriminant exponent δ v of X at v we follow Deligne [Del85] and Saito [Sai88] . The definition uses Mumford's isomorphism [Mum77, Theorem 5.10] which is based on Grothendieck's relative Riemann-Roch theorem. We denote by O v the valuation ring of the completion K v of K at v and we write B v = Spec(O v ). Let X v be the base change of X to K v and let ρ : X v → B v be the minimal regular model of X v over B v .
The generic fiber ρ η : 
We take δ v = v(δ). It turns out that δ v is a non-negative integer and if X v is semi-stable, then δ v coincides with the number of singular points of the geometric special fiber of
with the product taken over all finite places v of K. We mention that if X is an elliptic curve E over K, then Proposition 5.2 (ii) gives
To define a conductor N X for any curve X over K of genus g we take again a finite place v of K. Let f v be the usual conductor exponent at v of the Jacobian variety
We set a v = 1 if X has bad reduction at v and J has good reduction at v, and a v = 0 otherwise. Then we define the conductor N X of X by
with the product taken over the finite places v of K. If X is an elliptic curve E over K, then a v = 0 for all finite places v of K and we get that N X is the usual conductor N E of the abelian variety E over K.
We now generalize Szpiro's classical discriminant conjecture for elliptic curves over K, see [Szp90, Conjecture 1] or (1.1), to more general curves.
Conjecture (∆)
There are constants c, κ, depending only on K and g, such that if C is a hyperelliptic curve over K of genus g, then ∆ C ≤ cN κ C .
We mention that Lockhart [Loc94, Conjecture 4.1] proposes a slightly stronger conjecture for hyperelliptic curves over K of genus g with a K-rational Weierstrass point. Therein the exponent κ depends only on g.
Conjecture (D)
There exist constants c, κ, depending only on K and g, such that if X is a curve over K of genus g, then D X ≤ cN κ X .
To keep the analogy with the elliptic case we stated the above conjectures in terms of the somewhat crudely defined conductor N X . It would be more natural to use M X = N v with the product taken over all finite places v of K where X has bad reduction. However, Lockhart-Rosen-Silverman [LRS93, Theorem 0.1] give an effective constant κ ′ , depending only on g and on the degree of K over Q, such that M X ≤ N X ≤ M κ ′ X . Hence one can replace N X by M X in (∆) and (D) without changing the statements.
Conjecture (D) for hyperelliptic curves and Conjecture (∆) are not unrelated. For example, if X = E = C is an elliptic curve over K, then the identities
show that (D), Szpiro's classical conjecture (1.1) and (∆) are all equivalent for elliptic curves over K 1 . But for hyperelliptic curves C over K of genus g ≥ 2 the situation is more complicated. Kausz show that (D) and (∆) are equivalent for semi-stable C. However, it remains an interesting project to find relations between the discriminant conjectures for non-semi-stable C.
In the remaining of this section we provide some motivation for our conjectures. We note that geometric analogues of (∆) and (D) are already established in many cases. For example, geometric versions of (D) are given by Arakelov [Ara71] and Szpiro [Szp79, Szp81] , see also the more recent article of Beauville [Bea02] and the preprint of Kim [Kim07] . Furthermore, there exists a geometric analogue of (∆) due to Bogomolov-Katzarkov-Pantev Fre89] ). There are constants c, κ, depending only on K, g, such that if A is an abelian variety over K of dimension g, then h F (A) ≤ κ log N A + c.
Conjecture (H)
Frey [Fre89] motivates this conjecture in the case g = 1. In particular, he proves a function field analogue of (H) for elliptic curves. We mention in addition that if g ≥ 2, then geometric analogues of (H) were established by Faltings [Fal83a] , by Deligne [Del87] and by Kim [Kim98] . To relate (H) to (D) we observe that the conductor of the Jacobian of X divides N X . Hence Proposition 5.1 (iv), which is based on fundamental results of Faltings [Fal84] , implies the following proposition.
Proposition 2.1 ( [Fal84] ). Conjecture (H) for semi-stable Jacobian varieties over K of dimension g implies (D) for semi-stable curves over K of genus g.
We next consider the case of potential good reduction. Let C be a hyperelliptic curve over K of genus g, with potential good reduction at a finite place v of K. Liu [Liu96,  Remarque 13] showed that if the residue characteristic of v is at least 2g + 2, then the
denotes the smallest integer which is at least (g + 1)/2. We deduce the following result.
Proposition 2.2 ([Liu96]
). Suppose C is a hyperelliptic curve over K of genus g. If C has everywhere potential good reduction and any rational prime divisor of N C is at least
The exponent κ(g) is optimal for any g ≥ 2, since ∆ C = M κ(g) C holds for infinitely many curves C, see Liu [Liu96, p.4596] . Proposition 2.2 and Proposition 5.1 (iii) show that if a genus two curve X over K has everywhere potential good reduction and any rational prime divisor of N X is at least seven, then D X |M 30 X . In the genus one case one can remove the technical assumption on the residue characteristics. Pesenti-Szpiro [PS00] derived from the classification of Kodaira-Néron [Nér64] that any elliptic curve E over K with integral j-invariant satisfies ∆ E |N 5 E . This together with Proposition 5.2, which is based on a theorem of Liu-Lorenzini-Raynaud [LLR04] , gives the following proposition. On considering, for example, elliptic curves with j-invariant zero we see that the exponent 5 is optimal. To conclude our discussion we remark that results of Serre [Ser87] and Mestre-Oesterlé [MO89] imply that if X is a genus one curve over Q with conductor a rational prime, then D X |N 5 X .
Statement of the results
In this section we state and discuss our main results. Let K be a number field and let g ≥ 1 be an integer. In the sequel c i , κ i , i ≥ 1, denote effective constants depending only on K and g. They shall be given in a more explicit form at the end of this section.
The following theorem establishes an effective exponential version of Conjecture (∆).
Theorem 3.1. Suppose C is a hyperelliptic curve over K of genus g, with minimal discriminant ∆ C and conductor N C . Then the following statements hold.
Let X be a curve over K of genus g, with discriminant D X and conductor N X . We say that X is a cyclic cover of prime degree if there exists a finite morphism X → P 1 K of prime degree which is geometrically a cyclic cover. In the sequel, c ′ 3 denotes a constant depending only on K and g. Theorem 3.2. If X is a semi-stable cyclic cover of prime degree with genus g ≥ 2, then log
So far the constant c ′ 3 is only effective for those X in Theorem 3.2 which are in addition hyperelliptic, see (3.2) for a discussion of the effectivity of c ′ 3 . Next, we consider curves of genus one or two. We recall that if X = E is an elliptic curve over K, then D X coincides with the usual minimal discriminant ∆ E of E. Hence we see that our next theorem establishes in particular an effective exponential version of Szpiro's classical discriminant conjecture which we stated in (1.1).
We discuss the relation of this result to exponential versions of the abc-conjecture over Q of Stewart-Tijdeman [ST86] and Stewart-Yu [SY91, SY01] . In this discussion we denote by a, b, c non-zero coprime integers. We suppose a + b = c and we let S Q (a, b, c) be the product of all rational prime divisors of abc. The elliptic curve E over Q with affine plane The following corollary is based on Theorem 3.1 and Theorem 3.2, and on results of
Liu and Saito for discriminants of genus two curves.
Corollary 3.4. Suppose X has genus two. Then the following statements hold.
Before we state Theorem 3.5, we recall the abc-conjecture (abc) of Masser-Oesterlé
[Mas02] over number fields. Let d be the degree of K over Q. For any non-zero triple α, β, γ ∈ K we denote by h(α, β, γ) the usual absolute logarithmic Weil height (see [BG06,  1.5.4]) of α, β, γ viewed as a point in P 2 (K). We define
with the product extended over all finite places v of K such that v(α), v(β) and v(γ)
are not all equal, where e v = v(p) for p the residue characteristic of v. We mention that
Masser [Mas02] added the ramification index e v in the definition of the support S K to obtain a natural behavior of S K under field extensions. Let D K be the absolute value of the discriminant of K over Q.
Conjecture (abc).
For any integer n ≥ 1, and any real r, ǫ > 1, there exists a constant c, depending only on n, r, ǫ, such that if K is a number field of degree d ≤ n, and α, β, γ ∈ K are non-zero with
In the sequel (abc) * refers to the following weaker conjecture. For any integer n ≥ 1 there are constants c, κ, depending only on n, such that if K is a number field with degree
Theorem 3.5. Suppose g ≥ 2. Then the following statements hold.
(i) (abc) * implies (∆) for hyperelliptic curves over Q of genus g with a Q-rational Weierstrass point.
(ii) (abc) * implies (D) for semi-stable curves over K of genus g which are cyclic covers of prime degree.
(iii) Suppose there are r, ǫ > 1 such that (abc) holds for n = 6d, r, ǫ with the constant c.
Then there exists an effective constant c ′ , depending only on d, r, ǫ, c, such that any
In particular, (iii) gives that (abc) * implies (D) for genus one curves over K. One can derive from Lockhart's [Loc94, Proposition 4.3] that (abc) implies (∆) for hyperelliptic curves over K with all Weierstrass points K-rational. Furthermore, the classical link through Mordell equations, applied in [Loc94] , leads also to a version of Theorem 3.5 (iii).
More precisely, the arguments in [Loc94, Section 4] can be used to deduce the following.
If (abc) holds for n = d, r, ǫ, then there is a constant c ′′ , depending only on K, r, ǫ, such that any genus one curve X over K satisfies
This gives the better exponent 6dr of N X , but also a constant c ′′ that depends in an unspecified way on D K . Masser [Mas90] showed that the exponent 6r > 6 is best possible for Szpiro's discriminant conjecture over Q. We remark that the exponents of N X in (iii) and (3.1) depend on d, since S K is defined with exponents e v ≤ d which do not appear in the definition of N X .
Finally, we shall deduce from Theorem 3.5 the following corollary.
Corollary 3.6. (abc) * implies (D) for genus two curves over K which are semi-stable, or which are defined over Q and have a Q-rational Weierstrass point.
To discuss an application of our discriminant estimates we take again a curve X over K of genus ≥ 1. Let B be the spectrum of the ring of integers of K. The discriminant D X of X is related to other global invariants of the minimal regular model X → B of X over B. To define these invariants we take a closed point v of B, and we let Bv be the strict localization of B at a geometric pointv of B over v. We denote by Xη and by Xv the geometric generic and the special fiber of the base change X × B Bv → Bv respectively. Let ℓ be a rational prime with ℓ ∤ N v , let χ be the ℓ-adic Euler-Poincaré characteristic and let Here both sums are taken over all closed points v of B. This concludes our discussion.
It remains to give the constants. We conducted some effort to obtain constants reasonably close to the best that can be acquired with the present method of proof. However, to simplify their final form we freely rounded off several of the numbers occurring in our estimates. Let h K be the class number of the ring of integers of K. In Theorem 3.1 we can take for example
where k 0 is an effective absolute constant. We note that k 0 comes from the effective upper
is not yet completely explicit. In Theorem 3.2 we can take for instance
where k ′ 3 is a constant depending only on g and d. In general k ′ 3 is not necessarily effective in terms of g, since it depends on lower bounds for Faltings' delta invariant which are not known to be effective. However, if X is a semi-stable hyperelliptic curve over K of genus
In view of the applications in [vKa] and [vKb] we conducted some effort to improve the constants for genus one curves. Theorem 3.3 holds with
where c(d) is an effective constant depending only on d. Finally, we mention that in Corollary 3.4 we can take
where c 1 (2) and c 3 (2) are the explicit constants c 1 and c 3 with g = 2 respectively. This concludes our discussion of the constants.
Heights
In this section we prove Proposition 4.1 and 4.2. They bound heights of certain curves in terms of an invariant which controls the ramification of the curve over the projective line. Proposition 4.1 deals with cyclic covers of prime degree of genus at least two, and Proposition 4.2 deals with elliptic curves.
To state Proposition 4.1 we have to introduce some notation. Let K be a number field, and let X be a curve over K of genus g ≥ 2. We assume there exists a finite morphism ϕ : X → P 1 K of prime degree which is geometrically a cyclic cover. Let q be the degree of ϕ. For any finite extension L of K we let S(L, q) be the set of places of L which divide q or which divide a place of K where X has bad reduction. To ease notation we write S = S(L, q) and we denote by O × S the S-units in L. Let h(f ) be the usual absolute logarithmic Weil height of any polynomial f with coefficients in L, see [BG06, 1.6.1]. We
. Let R be the set of field extensions L of K such that L is the compositum of the fields of definition of four distinct (geometric) ramification points of ϕ. We define
with the maximum taken over all fields L ∈ R. If q = 2, then X is a hyperelliptic curve over K, and in this case we define the height of a Weierstrass model
2 /4) for O K the ring of integers of K. Let h F be the Faltings height, let ν = 2g + 1 and let N X be the conductor of X. We now can state the following proposition.
Proposition 4.1. Let X be a curve over K of genus g ≥ 2. Suppose there is a finite morphism ϕ : X → P 1 K of prime degree q which is geometrically a cyclic cover. Then the following statements hold.
(ii) If K = Q, q = 2 and X has a Q-rational Weierstrass point, then there is a Weierstrass model W of X over Spec(Z) that satisfies the following inequality
We remark that the exponent 2 2 22 9 g in statement (i) can be replaced with 2 3362g 3 8 g .
This exponent comes from height comparisons of Rémond [Rém10] which hold for arbitrary curves over K. It seems possible to improve these height comparisons in our special case of cyclic covers. Further, we mention that the assumption K = Q in statement (ii) is used to get an estimate which is linear in terms of log N X . For this our method requires a fundamental unit system with sufficiently small height, and in arbitrary number fields such a system does not always exist. On the other hand, it seems possible (but technically extensive) to remove the Weierstrass point assumption in (ii) on going into the proof of
Before we prove Proposition 4.1 we consider the genus one case. Let E be an elliptic curve over a number field K and let K(E[2]) be the field of definition of the 2-torsion points of E. We denote by T the places of K(E[2]) which divide 2 or a finite place of K where E has not potential good reduction. Let O × T be the T -units in K (E[2] ). In the proof of Proposition 4.2 below, we shall see that the quantity
controls "the ramification of E over the projective line".
On considering the infinite family of curves E with K(E[2]) = K we see that the coefficient 1/2 in Proposition 4.2 is best possible. On the other hand, the constant 4 therein is not optimal and it can be improved up to a certain extent.
Proof of Proposition 4.2. Let E be an elliptic curve over K and write L = K(E(2)). We denote by O the Weil divisor on E corresponding to the zero section of E. Let P 1 , P 2 , P 3 be the three non-zero rational 2-torsion points of the base change E L of E to L. We denote by x a global section of the line bundle O E (2O) on E L , where O E (2O) is associated to the divisor 2O on E L . The classical Riemann-Roch theorem for curves gives x such that 1, x generate O E (2O) and such that the j-invariant j E of E satisfies
To bound h F (E) in terms of h(λ) we let v be a place of L and we take an exponential valuation | | in v. If v is infinite, then we deduce
and if v is finite, then we get the same estimates but without the factors 2 3 and 2 7 . Let by P 3 in (4.1) we get again that v ∈ T . Hence we see that λ ∈ L is a T -unit. The equality
shows that j E is symmetric in λ and 1 − λ and thus we deduce that 1 − λ ∈ L is a T -unit as well. We conclude that h(λ) ≤ µ E and then the statement follows from (4.2). This completes the proof of Proposition 4.2.
The rational function x on E, which appears in the proof, defines a finite morphism
ϕ : E → P 1 K of degree two which ramifies exactly in the 2-torsion points of E. This shows that if X = E and µ X is defined as above with respect to the cyclic cover ϕ :
In the remaining of this section we prove Proposition 4. Proof of Proposition 4.1. By assumption, the curve X over K has genus g ≥ 2, and there exists a finite morphism ϕ : X → P 1 K of prime degree q which is geometrically a cyclic cover.
To show (i) we follow the arguments of de Jong-Rémond in [dJR11, Section 4]. LetK be an algebraic closure of K and let XK be the base change of X toK. Let Λ be the set of cross ratios of any four distinct (geometric) branch points of ϕ, see [dJR11, Section 2] in which Λ is denoted by B. We define h Λ = max(1, h(λ)) with the maximum taken over all λ ∈ Λ. As in [dJR11, Section 4] we see that the function field of XK takes the form
We choose λ ∈ Λ and we observe that 1 − λ and λ −1 are both in Λ. Therefore [dJR11, 
Since ν ≥ 3 and ∆(f ) = 0 we can choose distinct roots α, β, γ of f . We get that Q(α, β, γ) ⊆ L for some L ∈ R. The roots α, β, γ of our monic f ∈ O[x] are S-integral and ∆(f ) is a S-unit, where S = S(L, 2). Thus we obtain
This implies h(λ) ≤ µ S ≤ µ X and H(∆(f )(α − β) −ν(ν−1) ) ≤ (2µ 2 ) ν(ν−1) , where µ = exp(µ X ). Therefore we deduce
Since f has coefficients in O we get that the trace Tr(f ) of f is in O and then [EG91,
Lemma 6] gives η ∈ Z, θ ∈ O such that η = Tr(f ) − νθ and that |η| ≤ ν. Thus for any root α of f we get ν(α − θ) = (α − β) + η, with the sum taken over the roots β of f . This together with (4.5) leads to
) with the product taken over all roots α of f . The above estimate for H(α − θ) combined with (4.4) shows
Let a 0 be the smallest positive integer such that a 0 θ * f ∈ Z[x]. It satisfies a 0 ≤ H(θ * f ) and then we see that W = W(a 2 0 θ * f ) has the desired properties. This completes the proof of Proposition 4.1.
In the next section we shall use Proposition 4.1 to bound the discriminants of some curves in terms of the quantity µ X .
Discriminants
In this section we use Arakelov geometry for curves to relate discriminants to other invariants. In the first part we state and discuss Proposition 5.1 and 5.2, which deal with curves of genus at least two and genus one curves respectively. In the second part we give the proofs.
Let K be a number field of degree d over Q and let g ≥ 1 be an integer. In the sequel c δ denotes a constant depending only on g. Let h F be the Faltings height and let ν = 2g + 1.
We denote by δ(X C ) Faltings' delta invariant of a compact connected Riemann surface X C of genus at least one, defined in [Fal84, p.402]. If X is a hyperelliptic curve over K of genus g ≥ 2, then ∆ X denotes its minimal discriminant and µ X the quantity from Section 4. We recall that any genus two curve over K is a hyperelliptic curve over K.
Proposition 5.1. Suppose X is a curve over K of genus g ≥ 2 with discriminant D X , conductor N X and Jacobian J. Then the following statements hold.
(i) If X is a semi-stable hyperelliptic curve, then log D X ≤ 2 2 23 9 g dµ X .
(ii) Suppose K = Q and X is a hyperelliptic curve with a Q-rational Weierstrass point.
Then it holds log ∆ X ≤ 8ν 3 (µ X + log N X + 2 log(ν)).
(v) If X C is a compact connected Riemann surface of genus two, then −186 ≤ δ(X C ).
The semi-stable assumptions in (i) and (iv) are used to apply results from Arakelov geometry. The constant c δ in (iv) comes from lower bounds for δ(X C ) which are not known to be effective. However, the proof of (i) gives in addition an effective constant c g , depending only on g, such that if X is a semi-stable hyperelliptic curve over K of genus
Moreover, if X is a semi-stable genus two curve over K, then (v) combined with the proof of (iv) implies that log D X ≤ 12d(h F (J) + 16).
Let X be a genus one curve over K. We may and do take a finite extension L of K such that the base change X L , of X to L, is semi-stable. Then we define the unstable discriminant γ X of X by
where D X L is the discriminant of X L and l is the relative degree of L over K. We observe that the definition of γ X is independent of the choice of L. The Jacobian E of X is an elliptic curve over K, and we denote by N E , D E and ∆ E the conductor, the discriminant and the minimal discriminant of E respectively. Let T 0 be the set of finite places v of K with 2 ∤ N v where E has potential good reduction, and let T 1 be the set of finite places v of K with 2 ∤ N v where E has reduction type I * n for some integer n ≥ 1. Here I * n denotes the Kodaira symbol. Let µ E be the invariant of E defined in the previous section, and for any finite place v of K let n v be the exponent of ∆ E at v defined in Section 2.
We mention that statement (i) and (ii) in the next proposition follow directly from results of Liu-Lorenzini-Raynaud in [LLR04].
Proposition 5.2. If X is a genus one curve over K with Jacobian E, then
(iii) log D X ≤ 6dµ E + log γ X + 57d and (iv) log γ X = v∈T 0 n v log N v + 6 v ′ ∈T 1 log N v ′ + r for r a real number with 0 ≤ r ≤ 24d log 2.
The Noether formula (5.1) gives that the dependence on γ X and µ E is optimal in (iii).
On the other hand, the constants 57 and 24, in (iii) and (iv) respectively, can be slightly improved.
In the remaining part of this section we prove the above results. The tools used in the proof of Proposition 5.2 are as follows. Liu-Lorenzini-Raynaud [LLR04] give (i) and (ii).
We also mention that (ii) is implicitly contained in Saito's proof [Sai88] of Ogg's formula.
On using an explicit result of Faltings [Fal84] we shall derive (iii) from Proposition 4.2.
Finally, (iv) uses the classification of Kodaira-Néron [Nér64] .
Proof of Proposition 5.2. Let X be a genus one curve over K, with Jacobian E. If v is a finite place of K, then n v , a v , δ v are as in Section 2.
We start with the proof of (i). The global result D X = D E is a direct consequence of the local equality δ v (X) = δ v (E) in [LLR04, Theorem 5.9]. This local equality implies in addition that the curve X has good reduction at v if and only if its Jacobian E has good reduction at v. This gives a v (X) = 0 and we deduce that N X = N E . Part (ii) follows from n v (E) = δ v (E) in [LLR04, p.509]. We now prove (iii). For any embedding σ : K ֒→ C we may and do take τ σ ∈ C such that the base change of E to C with respect to σ takes the form C/Z + Zτ σ and such that im(τ σ ) ≥ √ 3/2. The height h F (E) is invariant under an algebraic base change of E. Hence [Fal84, Theorem 7 b)], which holds for all genus one curves over K, leads to (1−q n ) 24 , q = exp(2πiτ σ ). On using that log |∆(τ σ )/q| ≤ 24 |q| /(1 − |q|) and |q| ≤ exp(−π √ 3), we compute log (2π) 12 ∆(τ σ )im(τ σ ) 6 ≤ 16. Thus (5.1) and (4.2) imply assertion (iii).
To show (iv) we use (i) and (ii). They give that the unstable discriminant γ E of E In the proof of Proposition 5.1 we shall use two lemmas which describe properties of a Siegel modular form associated to a hyperelliptic Riemann surface. To state and prove these lemmas we now introduce some notation. Let H g be the Siegel upper half plane of complex symmetric g × g matrices with positive definite imaginary part. For any τ ∈ H g
and z ∈ C g we write
where a, b ∈ R g and u * denotes the dual of u ∈ R g . If S is a subset of I = {1, 2, . . . , 2g +1}, then we define the theta characteristic η S ∈ 
with the product taken over all subsets S of I with cardinality g + 1. Let det(M ) be the determinant of M . We shall use the following completely elementary lemma.
Lemma 5.3. If σ ∈ Sp 2g (Z) and τ ∈ H g , then
Proof. Let σ = (α, β; γ, δ) ∈ Sp 2g (Z), τ ∈ H g and u ∈ 1 2 Z 2g . It holds det(im(στ )) = det(im(τ )) |det(γτ + δ)| −2 and transformation properties of theta functions in [Igu72,
Chapter V] give ϑ σu (στ, 0) 8 = det(γτ + δ) 4 ϑ u (τ, 0) 8 . Therefore we deduce
and then on writing out the definitions of ∆ g (στ ) and σ∆ g (τ ) we derive Lemma 5.3.
We denote by F g the standard fundamental domain of Siegel for the action of Sp 2g (Z) on H g . In the sequel k 1 denotes an effective constant depending only on g. It is given explicitly in (5.5). We obtain the following lemma.
This lemma may be of independent interest. For example, it will be used in [JvK13] to establish the hyperelliptic case of Szpiro's small points conjecture. We also mention that if τ ∈ F g , then the proof of Lemma 5.4 shows in addition that |∆ g (τ )| ≤ k 1 .
Proof of Lemma 5.4. In the first part of the proof we assume that τ ∈ F g to bound the absolute value of certain theta functions evaluated in τ . In the second part we use Lemma 5.3 to establish the desired estimate for all τ ∈ H g .
We take a = (a i ), b ∈ R g and we assume that τ = (τ ij ) ∈ F g . Thus im(τ ii ) ≥ √ 3/2 and any m = (m i ) ∈ R g satisfies the Minkowski inequality
Then the definition of ϑ (a,b) together with elementary analysis implies that ϑ (a,b) (τ, 0) is at most g i=1 m∈Z exp(−πk 2 im(τ ii )(m + a i ) 2 ). This leads to
Hadamard's theorem gives that det(im(τ )) ≤ g i=1 im(τ ii ) which implies that det(im(τ )) ≤ im(τ gg ) g for our τ ∈ F g . Thus the above displayed Minkowski inequality shows
2 ) and
If a ∈ 1 2 Z g , a g / ∈ Z, then any m ∈ Z satisfies (m + a g ) 2 ≥ 1/4, and we deduce an estimate for A 2 which together with the above arguments leads to
Next, we observe that any τ ∈ H g takes the form τ = στ with σ ∈ Sp 2g (Z) andτ ∈ F g . 
An application of Lemma 5.3 gives
with the product taken over all subsets S = S ′ of I with cardinality g + 1. Then from (5.2), (5.3) and (5.4) we deduce that the constant
has the desired property. This concludes the proof of the lemma.
We remark that the proof of Lemma 5.4 shows in addition that one can replace the exponent 2r by any positive real number. The resulting estimate is still effective and depends only on g and this number. Proof of Proposition 5.1. We begin with the proof of (i) and we take a semi-stable curve basis of H 1 (X σ , Z) gives a period matrix τ σ ∈ H g that satisfies
Thus Lemma 5.4 and (5.5) show − log T (X σ ) ≤ 36g 3 and then Proposition 4.1 (i) together with (5.6) implies (i).
To show (ii) we may and do assume that X is a hyperelliptic curve over Q of genus g ≥ 2 with a Q-rational Weierstrass point. We go into the proof of Proposition 4.1 (ii) and we continue the notation introduced there. From [vK12, Equation (4.1)] we get that the discriminant ∆ of the Weierstrass model W(a 2 0 θ * f ) of X over Spec(Z) satisfies ∆ = ∆(f )a 4ν 0 with ν = 2g + 1. Then (4.4) combined with a 0 ≤ H(θ * f ) and (4.6) lead to log |∆| ≤ 16ν 3 log ν + 8ν
For a finite place v of Q we let n v be the exponent of the minimal discriminant ∆ X of X defined in Section 2. The base change of W(a 2 0 θ * f ) to the spectrum of the local ring O Q,v at v is a Weierstrass model of X with discriminant ∆ and then the minimality of n v provides n v ≤ v(∆). We conclude ∆ X ≤ |∆| which together with the above estimate for log |∆| implies (ii).
To prove (iii) we take a genus two curve X over K. In the first part we follow Saito [Sai89, . Let v be a finite place of K and let X v be the base change of X to the completion K v of K at v, with structural morphism ρ η : X v → Spec(K v ). We continue the notation of Section 2. Further, we say that a morphism is canonical if it commutes with arbitrary base change. There exists a canonical isomorphism
for S 2 the second symmetric power, which induces a canonical isomorphism
The Siegel modular form of weight 10, given by the canonical isomorphism
takes the form D ′ = (DD ′′ ) ⊗ id for D the canonical isomorphism from Section 2. We define with D ′ and D ′′ integers δ ′ v and δ ′′ v respectively in the same way as we defined in Section 2 with D the integer δ v . The integers δ ′ v and δ ′′ v are both non-negative and the above composition of D ′ shows
To relate the number δ ′ v to the exponent n v of the minimal discriminant ∆ X of X we may and do pass to the strict henselization of the valuation ring of K v . Now, on combining
We conclude (iii). Next, we verify (iv). By assumption, X is a semi-stable curve over K of genus g ≥ 2.
Let ω X /B be the relative dualizing sheaf of the minimal regular model p : X → B of X over B, for B the spectrum of the ring of integers of K. We write ω 2 for the Arakelov self-intersection of (ω X /B , · ), where · is the Arakelov metric defined in [Fal84, p.392].
Our semi-stable assumption combined with the Noether formula [Fal84, Theorem 6] gives
with the sum taken over all embeddings σ : K ֒→ C. Here δ ′ (X σ ) is (up to an absolute constant) Faltings' delta invariant of the Riemann surface associated to the base change of X to C with respect to σ. Let M g (C) denote the moduli space of smooth projective connected complex curves of genus g. Faltings' delta invariant, viewed as a function M g (C) → R, has a minimum. Hence, there is a constant c δ , which depends at most on g, such that
Theorem 5], the displayed formula implies (iv).
Finally, we prove (v). Let X C be a compact connected Riemann surface of genus two and let Pic 1 (X C ) be the component of degree one of the Picard group Pic(X C ) of X C . We define the function θ on Pic 1 (X C ) and the translation invariant differential form µ on
Let ∆ 2 (X C ) be the real number defined in [Bos87, Section 3.3]. Bost's formula [Bos87,
Let Pic 0 (X C ) be the component of Pic(X C ) of degree zero. We take τ ∈ H 2 with
3 . Further, we see log H (X C ) ≤ 1/2, since θ 2 µ 2 /2 = 1/2 with the integral taken over Pic 1 (X C ). Thus Lemma 5.4 and the displayed formulas imply (v). This completes the proof of Proposition 5.1.
Unit equations
Let K be a number field and let T be a finite set of places of K. In this section we apply the theory of logarithmic forms to bound the height of solutions to T -unit equations in a finite extension L of K.
We start with some notation. Let d be the degree of K over Q and let l be the relative degree of L over K. We denote by D K and D L the absolute value of the discriminant of K over Q and of L over Q respectively. Let U be the places of L which divide a finite place in T and let O × U be the U -units in L. As above we write h(λ) for the usual absolute logarithmic Weil height of λ ∈ L and we define
Let S be a finite set of places of K such that L is unramified outside S. Let t be the cardinality of the finite places in T , let N T = N v with the product taken over the finite places v in T and let s, N S be the corresponding quantities of S. Finally, we take n = ld and m = max(6, l).
Proposition 6.1. Suppose r, ǫ > 1 are real numbers. Then the following statements hold.
(i) There exists an effective constant k 3 , depending only on r, l, d, such that if S ⊆ T ,
is true for n, r, ǫ with the constant c, then
Part (i) and (ii) shall follow from Győry-Yu [GY06, Theorem 1]. Their theorem is based on the theory of logarithmic forms and we refer to Baker-Wüstholz [BW07] in which the state of the art of this theory is exposed.
To prove Proposition 6.1 we shall use inter alia two lemmas. The first lemma is a direct consequence of the classical Dedekind discriminant theorem.
Proof. Let d L/K be the relative discriminant ideal of L over K, let v be a finite place of K of residue characteristic q and let (w) be the places of L which divide v. If v is not in
We now suppose that v ∈ S. Let e v and f v be the ramification index and the residue degree of v over q respectively and let (e w/v ) and (f w/v ) be the ramification indexes and residue degrees of (w) over v respectively. Dedekind's discriminant theorem [BG06, B.2.12]
with the sum taken over all w ∈ (w). Hence w(e w/v ) = e w/v e v ord q (e w/v ) together with
The second lemma is based on a completely explicit version of the prime number theorem due to Rosser-Schoenfeld [RS62] . We define the quantity n T = log N v with the product taken over the finite places v ∈ T .
Lemma 6.3. If ε > 0 is a real number, then there are effective constants k 4 , k 5 , k 6 , depending only on ε and d, such that Proof. Let ε > 0 be a real number. We may and do assume that t ≥ 1. Let ω be the number of rational prime divisors of the radical rad T of N T , and let ϑ(q) be the logarithm of the product taken over all rational primes at most the ω-th rational prime q. The explicit estimates [RS62, Theorem 4] and [RS62, Corollary of Theorem 3] give that q <
(1 + ε)ϑ(q) + log k 7 and that ω log ω < q respectively, where k 7 is an effective constant which depends only on ε. Thus ω log ω < (1 + ε) log rad T + log k 7 and then t ≤ dω leads to
Hence, we see that there exist effective constants k 4 and k 5 with the desired properties.
To estimate n T we observe that any real number r > 1 satisfies log r ≤ ε −1 r ε . This implies
T . From (6.1) we see that there is an effective constant k 6 , depending only on ε and d, such that (2/ε) t ≤ k 6 N ε/2 T and then we conclude Lemma 6.3.
We now use the above lemmas to prove Proposition 6.1. The main tool used in the proof of (i) and (ii) is a result of Győry-Yu [GY06, Theorem 1].
Proof of Proposition 6.1. We suppose that λ and 1 − λ are U -units in L.
To prove (i) we take a real number r > 1 and we assume that S ⊆ T . Let R U be the U -regulator of U in L and define n U in the same way as n T with U in place of T . We obtain a U -unit equation
and thus [GY06, Theorem 1] gives an explicit constant κ T , depending only on l, t, d, with
It holds that n U ≤ (l t n T ) l and then [vK12, Inequality (4. 3)], with L and U in place of K and T respectively, shows
Therefore Lemma 6.2, our assumption S ⊆ T and the above estimate for h(λ) lead to
Then Lemma 6.3 implies (i).
To show (ii) we assume again S ⊆ T . We calculate the effective constants in Lemma 6.3 for ε = 1/2 and then (6.2) leads to (ii).
To prove (iii) we take real numbers r, ǫ > 1 and we assume that (abc) holds for n = ld, r, ǫ with the constant c. The numbers α = λ, β = 1 − λ and γ = 1 are in L and satisfy α + β = γ. Thus (abc) gives
Hence, Lemma 6.2 and S L (α, β, γ) ≤ N n T imply (iii), and this completes the proof of Proposition 6.1.
With these results we are now ready to prove our theorems and corollaries and this will be done in the next section.
Proofs
In this section we prove the results stated in Section 3. We continue the notation introduced in the previous sections. For a number field K we write d for its degree over Q, D K for the absolute value of its discriminant over Q and h K for the class number of its ring of integers O K . As above we denote by h(f ) the absolute logarithmic Weil height of a polynomial f with coefficients in a number field.
The following proof of Theorem 3.1 is based on a reinterpretation of the effective Shafarevich conjecture in [vK12] in terms of bad reduction.
Proof of Theorem 3.1. We take a hyperelliptic curve C over K of genus g ≥ 1 with conductor N C and minimal discriminant ∆ C as in the theorem. To reinterpret the main result of [vK12] we write γ = 6(2g + 1)(2g)(2g − 1)d 2 and we let S be the finite places of K where C has bad reduction. We denote by s the cardinality of S, and we write N S = N v with the product taken over the places v in S. The quantity M C from Section 2 satisfies N S = M C and C has good reduction outside S. Thus [vK12, Theorem] gives a Weierstrass
if C has a K-rational Weierstrass point and
otherwise, where k 8 is an absolute effective constant. If v is a finite place of K, then the base change of W to the spectrum of the local ring (in K) at v is a Weierstrass model of C with discriminant ∆. Thus the minimality of the exponent n v defined in Section 2 implies n v ≤ v(∆). We conclude that ∆ C ≤ N K/Q (∆) for N K/Q the norm from K to Q and then we deduce
with both products taken over all embeddings σ : K ֒→ C. We recall that M C ≤ N C and then Lemma 6.3 combined with the above estimates for h(∆) leads to upper bounds for ∆ C as stated in Theorem 3.1. To simplify the form of the constant c 2 in statement (ii) we
K , which follows from standard inequalities. This completes the proof of Theorem 3.1.
Let X be a curve over K of genus g ≥ 1 with discriminant D X and conductor N X . In the first part of the following proof of Theorem 3.2 we adapt the method of Paršin [Par72] , Oort [Oor74] and de Jong-Rémond [dJR11] . In the second part we apply Proposition 5.1 which is based on results from Arakelov geometry of Faltings [Fal84] and de Jong [dJ09] .
Proof of Theorem 3.2. We may and do assume that g ≥ 2, and that X is a semi-stable cyclic cover of prime degree. Thus there exists a finite morphism ϕ : X → P 1 K of prime degree which is geometrically a cyclic cover. Let q be the degree of ϕ, let µ X be the quantity defined in Section 4 and let h F (J) be the Faltings height of the Jacobian J of X.
Proposition 4.1 (i) gives
To estimate µ X we denote by S the union of the finite places of K where X has bad reduction with the finite places of K of residue characteristic q. Let R be the set from Section 4, let L ∈ R, let U = U (L) be the places of L which divide a place in T = S and let µ U be the quantity from Section 6. We observe
with the maximum taken over all L ∈ R. We next show that L is unramified outside S.
Let K(P ) ⊆ L be the field of definition of a (geometric) ramification point P of ϕ, and let J K(P ) and X K(P ) be the base changes of J and X to K(P ) respectively. We denote by ι : X K(P ) ֒→ J K(P ) the usual embedding defined over K(P ) which maps P to zero in J K(P ) . If P ′ is a (geometric) ramification point of ϕ, then the divisor (P ′ ) on X K(P ) , and the divisor (ϕ(P ′ )) on the projective line over K(P ), satisfy ϕ * (ϕ(P ′ )) = q(P ′ ), since q = deg(ϕ). This implies that ι maps all (geometric) ramification points of ϕ into the To bound the relative degree l of L over K we letK denote an algebraic closure of K. The morphism ϕ is defined over K which provides that the absolute Galois group Gal(K/K) acts on the set of (geometric) ramification points of ϕ. The classical formula of Hurwitz implies that ϕ has at most 2g + 2 (geometric) ramification points and that q ≤ 2g + 1. This leads to
where N S = N v with the product taken over all finite place v ∈ S. The field L is unramified outside S. Thus an application of Proposition 6.1 (i), with S = T and r = 9/8, gives µ U ≤ k 3 N 4ld S D l K , for k 3 an effective constant depending only on d and g. This combined with (7.2) and (7.3) shows
Then we see that Proposition 5.1 (iv), (7.1) and (7.3) give an upper bound for log D X as stated in Theorem 3.2.
It remains to prove our claim (3.2) and we now calculate an explicit constant c 3 for q = 2. In the case q = 2 we get that X is a semi-stable hyperelliptic curve over K of genus g ≥ 2 and Proposition 5.1 (i) shows log D X ≤ 2 2 23 9 g µ X .
To obtain (7.4) with an explicit k 3 we replace in the above arguments Proposition 6.1 (i)
by Proposition 6.1 (ii). Then the displayed upper bound for log D X shows the existence of a constant c 3 with the desired properties. This completes the proof of Theorem 3.2.
We remark that if X is a cyclic cover of prime degree, then the proof of Theorem 3.2
shows in addition that the following statement holds. There exists an affine plane model We now prove our results for curves X of genus one. To improve our constants for such curves we combine Proposition 5.2 and Proposition 6.1 instead of applying Theorem 3.1 (i) with g = 1.
Proof of Theorem 3.3. We suppose that X has genus one. Let E be the Jacobian of X and let µ E be the invariant from Section 4. Proposition 5.2 (iv) and [PS00, Proposition 5.1] give that the unstable discriminant γ X of X satisfies log γ X ≤ 5 log N X + 24d log 2.
Thus Proposition 5.2 (iii) shows log D X ≤ 6dµ E + 5 log N X + 74d. (7.5)
To estimate µ E we let S be the union of the finite places of K where X has bad reduction with the finite places of K of even residue characteristic. Let L be the field of definition of the 2-torsion points of E and let U be the set of finite places of L which divide a place in S = T . Then the quantity µ U from Section 6 satisfies
The relative degree of L over K is at most 6 and the criterion of Néron-Ogg-Shafarevich [Sil09, p.201 ] provides that L is unramified outside S. Hence applications of Proposition 6.1 (i) and (ii) with S = T give estimates for µ U which together with (7.5) and (7.6) imply Theorem 3.3.
Next, we show Corollary 3.4 for genus two curves X. It is a direct consequence of Theorem 3.1, Theorem 3.2 and Proposition 5.1 (iii).
Proof of Corollary 3.4. We assume that X has genus two. Then [Liu02, Proposition 7.4.9] gives that X is a hyperelliptic curve over K. If X is semi-stable, then the refinement (3.2) of Theorem 3.2 provides an upper bound for D X as stated. To treat the remaining case we use Proposition 5.1 (iii). It shows that D X is at most the minimal discriminant ∆ X of X. Then we see that the estimates in Theorem 3.1 for ∆ X imply the statement. This completes the proof of Corollary 3.4.
Conditional on (abc) * or (abc), we now prove parts of the generalizations (D) and (∆) of Szpiro's discriminant conjecture.
Proof of Theorem 3.5. To prove (i) we let g ≥ 2 be an integer and we assume that (abc) * holds for n = 24g 4 with the constants c, κ. We take a hyperelliptic curve C over Q of genus g with a Q-rational Weierstrass point. Let µ C be the quantity from Section 4, let N C be the conductor of C and let ∆ C be the minimal discriminant of C. Proposition 5.1
(ii) gives log ∆ C ≤ 8ν 3 (µ C + log N C + 2 log(ν)), ν = 2g + 1.
Our assumption implies that (abc) is true for n, r = κ and ǫ = κ with the same constant c. Hence Proposition 6.1 (iii), (6.1) and the arguments in the proof of Theorem 3.2 show that µ C is bounded linearly in terms of log N C . This together with the above estimate for log ∆ C gives that (∆) holds for C and we conclude (i).
On combining the arguments which we used in the proofs of (i) and Theorem 3.2, we deduce statement (ii).
To show (iii) we take real numbers r, ǫ > 1. We assume that (abc) holds for n = 6d, r, ǫ with the constant c. In the sequel k 9 , . . . denote effective constants depending only on d, c, r, ǫ. We suppose X has genus one. Let E be the Jacobian of X, let µ E be the quantity from Section 4 and let n v be the exponents of the minimal discriminant of E defined in Section 2. Proposition 5.2 gives log D X ≤ 6dµ E + v∈T 0 n v log N v + 6
for T 0 the finite places v of K with 2 ∤ N v where E has potential good reduction and for T 1 the finite places v of K with 2 ∤ N v where E has reduction type I * n for some n ≥ 1. Let S be the union of the finite places of K where E has bad reduction with the finite places of K of even residue characteristic. In the proof of Theorem 3.3 we showed that the field of definition L of the 2-torsion points of E is unramified outside S. Let T 2 be the finite places of K where E has reduction type I n (Kodaira) for some n ≥ 1 and let U be the finite places of L which divide a place in T 1 ∪ T 2 or the rational integer 6. If v is a finite place of L which divides a place of K where E has not potential good reduction or which divides 2, then the classification [Sil09, p.448] implies that v ∈ U . This shows that the set T from Section 4 is contained in U and therefore the quantity µ U from Section 6 satisfies µ E ≤ µ U . The relative degree of L over K is at most 6 and then our assumption on (abc), Proposition 6.1 (iii) and (6.1) lead to 6dµ E ≤ 6dr Any v ∈ T 0 satisfies n v ≤ 5f v by [PS00, Proposition 5.1]. Hence, we see that (7.7), (7.8) and (7.9) give that log D X − (6ǫ log D K + k 12 ) is at most (3ǫ + 5)
v∈T 0 f v log N v + 3(dr + ǫ + 1)
We deduce statement (iii), and this completes the proof of Theorem 3.5.
Before we prove our second corollary, we remark that the proof of Theorem 3.5 (iii)
shows in addition that if (abc) holds for n = d, r, ǫ with the constant c, then there is an effective constant c ′ , depending only on d, r, ǫ and c, with the following property. If X is a genus one curve over K and if the Jacobian of X has four K-rational torsion points of order two, then
Proof of Corollary 3.6. We replace Theorems 3.1 and 3.2 by Theorem 3.5 in the proof of Corollary 3.4 and then the statement follows.
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